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Rigid Body Collision Model for
Submunition Dispersion Simulation

James W. Purvis*
Sandia National Laboratories, Albuquerque, New Mexico

A collision model for use in digital computer simulations of submunition dispersion is presented. The model
consists of three distinct parts: a collision decision hierarchy, a solid body model, and momentum exchange
equations. The collision decision hierarchy is a simulation of the human observation process for detecting bodies
in contact. The solid body model, used to determine contact points, is restricted to bodies of revolution. Exact
analytical equations are derived for the exchange of linear and angular momentum during a collision. The
equations account for coefficients of restitution other than unity. Some computed results are presented.
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Nomenclature
= direction cosines
= coefficient of restitution
= kinetic energy of rotation
= kinetic energy of translation
- elastic collision force vector
= collision impulse magnitude
= collision impulse vector, Eq. (14)
= angular momentum vector (body axes)
- inertia tensor
= inertia tensor inverse, Eq. (26)
= cylinder length
= mass
= unit vector
= projection of unit vector, Eq. (5)
= linear momentum vector
= scalar length, Eq. (7b)
= separation vector, Eq. (4)
= scalar length, Eq. (7a)
= impulse moment arm vector, Eq. (24)
= inertial position or separation vector
= sphere or cylinder radius
= position vector
= sphere radius, Fig. 2
= time
= velocity vector
= sphere location relative to body e.g., Fig. 2
= unit tensor
= permutation tensor
= angular velocity vector (body axes)

Introduction

TACTICAL weapons with cluster-type warheads which
contain a number of small projectiles (submunitions) are

being proposed and developed with increasing frequency.
Prediction of actual impact pattern distribution, particularly
during preliminary design, is vital to the assessment of
weapon effectiveness. The Naval Surface Weapons Center has
an ongoing Cluster Warhead Technology Program, the
objective of which is to develop a preliminary design
methodology capable of accurate deterministic prediction of
impact patterns. Such a methodology necessarily involves a
six-degree-of-freedom (6DOF) multiple-body trajectory
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simulation program, which in turn requires accurate initial
conditions for each submunition.

As noted by Brunk,l the initial motion of each submunition
is established during the ejection and cluster breakup phase of
flight, which usually involves only a few tenths of a second.
Flight dynamics of individual submunitions during ejection
and cluster breakup flight regimes are not easily predicted due
to two major problems—aerodynamic interference and
collisions. Consequently, in most trajectory simulations, the
velocity and attitude of each submunition are presently
determined from stochastic models or experimental data. The
alternative is to model accurately, as part of the trajectory
program, the ejection and cluster breakup phases, so that only
the canister or parent vehicle initial conditions need to be
determined.

The areodynamic interference problem has been studied
extensively with respect to store separation. Several methods
are available for predicting aerodynamic interference, such as
Refs. 2-4, and improvements to these methods are currently
under development. The remaining major modeling
deficiency is the ability to predict collisions and their effects
on submunition attitude. In general, the fewer the number of
submunitions, the more important collision effects become
with respect to dispersion patterns.

An extensive literature survey revealed a paucity of in-
formation in the area of rigid body collision models.
Bayman5 and Maryamor6 both studied the behavior of solid
bodies during collisions. The former developed a one-
dimensional model of elastic behavior using Hooke's Law
springs, while the latter used the compressible fluid con-
servation equations to investigate the effects of hypervelocity
impacts. With respect to computer manipulation systems,
algorithms such as that of Ref. 7 are available for determining
collision free paths among polyhedral objects. The
automotive and shipping industries have addressed the
collision problem from the standpoints of interference-free
mechanical design,8 crashworthiness,9 and maritime ac-
cidents.10 Some closely related work was done by Brach,11

who investigated the effects of impulsive moments on the
postcollision paths of automobiles. The most relevant work
(such as Refs. 12 and 13) has been done on the dynamics of
missile stage separation, where collision and tip-off problems
are encountered. However, to quote Boyse,8 "Very little has
been published which is aimed specifically at the interference
checking problem."

The only general computer model for predicting collisions
between aerodynamic bodies was found to be that given in
Refs. 14 and 15, which appears to be the state of the art in
submunition trajectory programs. Although both programs
(Ref. 15 is a more advanced version of Ref. 14) include a
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trajectory simulation and a collision model, only the collision
model is of interest in this paper.

Each body in the method of Ref. 15 is modeled in two
ways—one composed of spherical, conical, cylindrical, and
planar surfaces, and the other composed of a set of points. To
simulate the collision process, the motion of the body points
are tracked in time and checked against the surface model of
other bodies. A collision occurs when one or more points
penetrate any surface on another body. Impact forces are then
computed which resist further penetration. The impact forces
consist of a surface normal component fn, which acts along
the surface normal vector at the impact point, and a surface
tangent component /,, which acts opposite to the relative
velocity component tangent to the surface. The normal force
is proportional to the depth of penetration; that is, fn--=kd,
where <5 is the depth of penetration and k is a property of the
surface.

The collision model is very general in that bodies with quite
complex shapes can be described. If a large number of points
are used to define the body, collision points can be determined
very accurately. Unfortunately, when a large number of
points are used to define a body, the input data and com-
putational requirements increase substantially. In cases wrhere
it is necessary to reduce the amount of input data or decrease
the computational requirements, a "man-in-the-loop" mode
is provided. In this mode, an observer can monitor a com-
puter graphics depiction of the simulation, decide ap-
proximately when and where two bodies may collide, and
provide this information to the simulation program. The
collision process is also very accurate if the surface properties
k and <5 are known, and coefficients of restitution other than
unity can be treated by special consideration of the normal
component of the relative velocity.

Unfortunately, the depth of penetration <5 and the collision
duration are small, so that very small integration time steps
are needed. This can also lead to undesirable computational
requirements when large numbers of bodies are involved.

The objective of the present work is to develop a collision
model applicable to the submunition dispersion problem, but
without the computational requirements of the more detailed
collision process model described above. The procedure will
be to simulate the process that a human observer would use to
detect bodies in contact and determine the contact point. This
procedure will involve a decision hierarchy with successively
more complex calculations leading to the prediction of the
collision point. The decision hierarchy serves the same
purpose, computationally, as the "man-in-the-loop" mode
described above.

Once the contact point has been determined, general vector
equations are derived which exactly determine the linear and
angular momentum exchange between bodies during an
arbitrary 3-D collision. These equations include coefficients
of restitution other than unity. To the author's knowledge,
this is the first time that these equations have appeared in
literature. Since the duration of impact is considered in-
finitesimal, collision effects may be determined exactly during
one integration time step of a trajectory simulation.

The body description model used for determining contact
points in the present work is restricted to bodies of revolution,
which are modeled as axial distributions of spheres. However,
the decision hierarchy and the momentum exchange equations
can both be used with more complex body description models
such as that of Refs. 14 and 15.

Simulation of Human Observation
to Determine Collision Points

Given the location and orientation of two general bodies at
an instant in time, what process would an outside observer use
to determine if they were in contact? The first step is what
could be called the relative distance test. The observer decides
whether or not the relative distance between the bodies is

greater than a representative body dimension, and if so,
eliminates the pair from further consideration. A computer
simulation can accomplish this process by finding the
minimum diameter sphere which can enclose each body, and
comparing the relative distance between bodies against the
sum of the sphere radii.

The second step is the body orientation test. Assuming that
the spheres enclosing each body overlap, the observer then
decides whether or not the bodies are oriented such that they
may be in contact. This process is simulated by enclosing each
body in a finite length, minimum volume cylinder. The axis of
the cylinder corresponds to the longitudinal axis of symmetry
of the body, and the cylinder diameter is just sufficient to
enclose all points of the body. If both cylinders share a
common volume, then it is possible that the actual bodies are
in contact.

If the body orientation test is positive, the observer views
the bodies from various aspects and in effect performs a
visual iteration process which terminates at the contact point.
Simulation of this process requires a computer routine in
which each body is represented by a number of discrete
elements, such as spherical segments or plates. The routine
must consider each pair of elements on the two bodies,
determine which pair or pairs are in contact, and at what
point. The above considerations define the simulation
collision test procedure. The appropriate equations for each
step will be discussed in subsequent sections.

Relative Distance Test
The motion of a single point on one body relative to a small

planar surface on another body is a complex path in space and
time. Due to the combination of translation and rotation,
prediction of the actual time at contact in a simulation in-
volves the solution of a transcendental equation. This is not
computationally feasible for large numbers of bodies even if
the body shape is relatively simple. With due consideration
for computational economy, it was decided to merely test
bodies for cpntact or overlap at the end of each integration
time step. This restricts the procedure to a static interference
model; however, if the time steps are sufficiently small, the
overlap during collision will be insignificant and the true
dynamic behavior adequately simulated.

In the static check case, the relative distance test is ex-
tremely simple. AConsider two bodies, A and B, enclosed by
spheres of radii r4 and rB, respectively. If the inertial coor-
dinates of the center of each sphere are given by Rf and R f ,
their separation is

R = RA —j\j ±\t ±

A collision is indicated when

(1)

(2)

Body Orientation Test
If the relative distance test is positive, the next step is the

body orientation test. The classical method to determine
whether two finite cylinders are in contact is to construct a
vector from the surface of one cylinder to the surface of the
other. If the cylinders are in contact, the length of this vector
must be zero at one or more points on each surface. Un-
fortunately, the equations used in this process are lengthy and
complex, and.for certain orientations, singular.

A much simpler and computationally more efficient
method can be obtained by simulating a visual process. With
reference to Fig. 1, consider again two bodies A and B, now
enclosed by cylinders of lengths LA, LB and radii r4, rB,
respectively. The inertial coordinates of the centroids of each
cylinder are Rfand R f , and the separation of the centroids is
given by Eq. (1). If the direction cosines of each body are
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(a) V5EW PERPENDICULAR TO n{.

(b) VIEW PARALLEL TO n} .

Fig. 1 Body orientation test geometry.

(a) OGIVE-CYLINDER-BOATTAIL SUBMUNITION.

(b) SPHERE DISTRIBUTION.

(c) BUMPY BODY APPROXIMATION.
Fig. 2 Body of revolution approximation.

known, the axial unit vectors for each cylinder are

with an identical expression for body B.
From the geometry of Fig. 1,

and

(3)

(4)

(5)

Although end effects are not exact, cylinder B shares a
common volume with the infinite cylinder containing A if

(6a)

(6b)
and

where
(la)

(7b)

and L(n'j) is the scalar length of «f .
If both Eqs. (6a) and (6b) are satisfied, the same sequence

of computations are performed with nf and nf switched. If
Eqs. (6a) and (6b) are satisfied for this case, then the two
cylinders must share a common volume, and the body
orientation test is positive. The next step is to determine the
actual collision point on the body.

Body of Revolution Model
Determination of the actual collision point requires some

model of the body surface with which the computer can work.
An obvious approach would be to represent the body with
planar polyhedral patches. The representation of the body
could be made as accurate as desired by using a large number
of small patches. Unfortunately, this approach would require
large amounts of storage, and testing each pair of patches on
two bodies for collision would require enormous computation
times. Since collision between spheres is simple to predict, it
would be desirable to use some sort of body representation
based on spheres. Figure 2 illustrates how a typical body of
revolution can be approximated by distributing spheres of
varying radii along the longitudinal axis. For two bodies,
determination of the collision point consists of testing each

pair of spheres in the two bodies using equations similar to
Eqs. (1) and (2). The separation between a sphere in body A
and one in body B is given by

(8)

where Rf,R? are the inertial coordinates of the center of
gravity (e.g.), x f , xf. are the longitudinal locations of the
sphere centroids relative to the body c.g.'s, and bA

if bB
u are the

direction cosines of the body axes-of-symmetry. Two spheres
are in contact if

RiR^tf+r*)2 (9)

The collision point coordinates are given approximately by

(10)

and the unit outward normal on body B at the collision point
is

ni=Ri/^lRkRk (11)
When more than one pair of spheres are in contact, the
collision point may be approximated by averaging the values
computed from Eq. (10)

Elastic Collisions of Two Bodies
Once the collision point is known, the only remaining

problem is to determine the exchange of linear and angular
momentum between the colliding bodies. Consider again two
bodies, A and B, whose positions, velocities, and angular
rates at the instant of collision are all known. Assume that the
collision point and the unit outward surface normal vector at
the collision point is known on at least one body. Further,
assume that the collision is perfectly elastic, that the body
surfaces are frictionless so that no shear forces act during the
collision process, and that the duration of the contact is
vanishingly small. It is then possible, using conservation of
energy and momentum equations for the two-body system, to
determine uniquely the velocities and angular rates of both
bodies after the collision in terms of the known values prior to
the collision.

Referring to the notation in Fig. 3, conservation of linear
momentum before and after the collision gives

constant (12)
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COLLISION POINT

BODY B AXES

Fig. 3 Collision geometry.

where the momentum Pi of each body in the inertial frame is

p. = mul (13)

Defining the impulse due to the force acting during the
collision interval as

S / + A/
fjdt &t<l (14)

then, in the inertial frame, the impulse on body A is

Gf = -GAnf (15)

where nf is the unit outward normal and GA is the scalar
magnitude of G f . The momentum of body A after the
collision is related to the momentum before the collision by

Pf(t+At)=Pf(t)-GAnf (16)

Conserving momentum for the two-body system results in
GA=GB = G (17)

and
nf+n? = 0 (18).

Equations (17) and (18) state that the magnitude of the im-
pulse acting on each body is the same, while the directions are
equal and opposite. Also, the unit surface normal only needs
to be found for one body, and Eq. (18) can be used to define it
for the other.

The angular momentum of the two-body system, as
computed about the system center of mass, is constant.
Although the proof is tedious, it is obvious that the system
angular momentum must remain constant since the net
moment on the system is zero.

Conservation of kinetic energy for the system provides the
final necessary relation for finding the scalar magnitude G of
the impulse. The energy equation is a scalar equation and is
frame independent. Since the angular rates and moments of
inertia for each body are usually known in body-axis coor-
dinates, body axes will be used to compute the rotational
energy terms. The kinetic energy of translation for body A is

(20)

Before the collision,

EA(t) = Pf (t)Pf (t)/2mA

and after the collision, using Eq. (16)

EA(t+At) = E$(t)-Gnf [2Pf (t)-Gnf]/2mA (21)

with an identical expression for body B. Similarly, the kinetic
energy due to rotation is

(22)EA = MHfwf = ttlfafu

The change in angular momentum of each body, measured in
body axes with origin at the body e.g., is due to the moment
caused by the collision impulse. This impulsive moment is

(23)

(24)

(25)

Defining the moment arm vector in body axes as

Qi = rjnkemjkbim

the angular momentum after the collision is

Hf(t+M)=Hi(t)-Gqf

Introducing the inverse of the inertia tensor, Jijt defined such
that

the angular rates are then

(26)

(27)

and the rotational energy after the collision may be shown to
be

(28)

Equating total system energy before and after the collision

EA(t + At) + EA (f + A/) +EB (t + Af) +EB
R (t + At)

=EA(t) + EA (t) +EB
r(t) + EB

R (t) (29)

and solving for G results in

G=2[nfuf + nfuf + qfuf + q f u f ] l

(30)

Coefficient of Restitution
For collisions in which the coefficient of restitution is less

than unity, an equation for G similar to Eq. (30) may be
derived. Using the defining equation for the coefficient of
restitution CR :

(31)

(32)

where the relative velocity at the collision point is

EA=pApA/2mA (19)

and v{, the inertial velocity of the collision point, is given by
vi = ui + umbmjrkeijk (33)

Either nf or nf may be used in Eq. (32). From Eq. (16)

uf ( f + A f ) = u f ( t ) -Gnf/mA (34)
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Fig. 4 Elastic sphere collisions.
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Fig. 5 Submunition collisions.

and from Eq. (25)

(35)

with similar expressions for body B. Substituting the above
forms into Eq. (31) and solving G gives

(36)

Note that Eq. (36) reduces to Eq. (30) when CR is unity.
Equation (36) cannot be used, however, unless CR between
the colliding materials at the collision point is known. Once G
is determined from either Eq. (30) or Eq. (36), the post-
collision velocities and angular rates are given by Eqs. (34)
and (3 5).

Results and Conclusions
When the collision impulse moment arm qi is zero, Eqs.

(30) and (36) are valid only for spherical bodies, and some
closed-form solutions can be obtained. For example, when
mA=mB, CR=0, uf = (V,0,0), and u f = (0,0,0), the
postcollision velocities are uf=uf= [ V / 2 ( 0 , 0 ) ] . Also, for
two arbitrary masses and CR = 1, the well-known classical
velocity exchange for spherical body collisions is obtained.

To validate both collision point prediction and momentum
exchange for more complicated cases, the collision model and
reaction equations were incorporated into a multiple-body
six-degree-of-freedom trajectory simulation. Several
numerical tests were performed; two simple illustrative

\examples are shown in Figs. 4 and 5.

Figure 4 illustrates the elastic collision of spherical bodies
where a massive, small diameter sphere collides with two
larger spheres of small mass. Specular collisions result, with
the proper rebound angles and velocity exchanges accurately
predicted.

A more general example is shown in Fig. 5, where three
bodies of revolution with shapes similar to that of Fig. 2 are
flying force-free trajectories. At time zero, all three bodies are
translating horizontally, stacked one above the other, and the
centerbody is given a positive pitch rate. The centerbody first
collides with the upper body and then rebounds into the lower
one. The dispersion effects of the collisions are readily ap-
parent at the end of the trajectory.

The collision model has been used in more complex studies
involving from 13 up to 72,200 bodies in motion
simultaneously. The simulation program for these studies
included not only the usual flight mechanics effects, such as
gravity, aerodynamic coefficients, thrust and mass loss, but
also launcher, rocket plume, and aerodynamic interference
effects. In simulations of this magnitude, accuracy, speed,
and efficiency are of paramount importance. Computation
times on both a CDC 7600 and a VAX for several test cases
such as these were increased only a few percent with the in-
clusion of the collision model.

In summary, an automated collision model has been
developed for use in submunition dispersion simulations. The
model consists of three distinct parts: a collision decision
hierarchy, a solid body model, and exact momentum ex-
change equations. The collision decision hierarchy is a
simulation of the human observation process for detecting
bodies which may be in contact. The solid body model, which
is presently restricted to bodies of revolution only, is used to
determine actual contact or collision points. With the contact
point known, the momentum exchange equations determine
exactly the postcollision velocities and angular rates. The
equations are valid for coefficients of restitution other than
unity. From numerical tests, the entire procedure has been
found to be fast, accurate, and computationally efficient.
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